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Propensity score: History

2

• The propensity score was introduced by Rosenbaum and Rubin in 1983, and their work has since 

become one of the most frequently cited papers in statistics.

• The propensity score is used to reduce bias in observational studies by balancing covariates between 

treatment and control groups.

Causal Inference, Part 1-3.  An-Shun Tai



Causal Inference, Part 1-3.  An-Shun Tai 3

The 1st theorem for the propensity score: Unconfoundedness
(Rosenbaum and Rubin, 1983)

Theorem 3.1 (Unconfoundedness given the propensity score) 

If the conditional exchangeability hold, that is,

𝐴 ⊥ {𝑌 1 , 𝑌(0)}|𝑋,
then

𝐴 ⊥ {𝑌 1 , 𝑌(0)}|𝑒 𝑋 ,
where 𝑒 𝑋 = Pr(𝐴 = 1|𝑋) .

➢ Conditioning on the propensity score alone is sufficient to remove confounding bias induced by 

observed covariates.

➢ Given this theorem, the propensity score serves as a tool for dimensionality reduction in confounding 

adjustment.

➢ We aim to show that Pr 𝐴 = 1 𝑌 1 , 𝑌 0 , 𝑒 𝑋 = Pr 𝐴 = 1 𝑒 𝑋  by applying the law of total expectation.
(Hint: To establish this result, demonstrate that both conditional probabilities are equal to 𝑒 𝑋 )
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➢ Matching methods often target balance in the propensity score rather than directly in the covariates. 

Why is this approach commonly used?

Theorem 3.2 (The propensity score as a balancing score) 

The propensity score satisfies

𝐴 ⊥ 𝑋|𝑒 𝑋 .
Moreover, for any function ℎ(∙), we have

𝔼
𝐴

𝑒(𝑋)
ℎ(𝑋) = 𝔼

1 − 𝐴

1 − 𝑒(𝑋)
ℎ(𝑋) .

➢ The first result implies that if 𝑋 distributions differ between treated and control groups, the distributions 

of their propensity scores 𝑒 𝑋  must also differ.

➢ The second result states that the any function ℎ(𝑋) of the covariates has the same mean across the 

treatment and control groups, if weighted by the inverse of the propensity score.

The 2nd theorem for the propensity score: checking balance
(Rosenbaum and Rubin, 1983)
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Propensity score stratification

➢ Theorem 3.1 motivates a simple method for estimating causal effects: propensity score stratification.

➢ Rosenbaum and Rubin (1983) recommend stratifying on the quintiles of the propensity score and 

computing the treatment effect within each quintile.

1. Discretize the estimated propensity score by its K quantile, denoted by Ƹ𝑒′ 𝑋 .

2. Approximate exchangeability within strata: 

𝐴 ⊥ {𝑌 1 , 𝑌(0)}|𝑒 𝑋 = 𝑒𝑘 (𝑘 = 1,2, … , 𝐾)

3. Analyze the observational data in the same way as the SRE stratified on Ƹ𝑒′ 𝑋 .

➢ How to choose 𝐾?

- If 𝐾 is too small, exchangeability may not hold within strata; if 𝐾 is too large, some strata may lack overlap between 

treated and control units. Therefore, there is a bias–variance trade-off in choosing.

- Based on Cochran (1968) and Rosenbaum & Rubin (1983b, 1984): 𝐾 = 5 is often effective in reducing bias across 

many settings.
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Propensity score weighting

Theorem 3.3

If the conditional exchangeability (𝐴 ⊥ {𝑌 1 , 𝑌(0)}|𝑋) and positivity 0 < 𝑒 𝑋 < 1  hold, then

𝔼 𝑌 1 = 𝔼
𝐴

𝑒 𝑋
𝑌 , 𝔼 𝑌 0 = 𝔼

1 − 𝐴

1 − 𝑒(𝑋)
𝑌 .

and

𝜏 = 𝔼 𝑌 1 − 𝑌 0 = 𝐸
𝐴

𝑒 𝑋
𝑌 −

1 − 𝐴

1 − 𝑒 𝑋
𝑌 .

➢ Theorem 3.3 provides the foundation for inverse probability weighting (IPW), also known as inverse 

probability of treatment weighting (IPTW).
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Propensity score weighting: Horvitz-Thompson estimator 

➢ Theorem 3.3 yields the Horvitz–Thompson (HT) estimator, also known as the inverse probability 

weighting (IPW) estimator.

Ƹ𝜏1
𝐻𝑇 =

1

𝑁


𝑖=1

𝑁 𝐴𝑖

𝑒(𝑋𝑖)
𝑌𝑖 − 

𝑖=1

𝑁 1 − 𝐴𝑖

1 − 𝑒(𝑋𝑖)
𝑌𝑖

=
1

𝑁


𝑖=1

𝑁

𝓌1(𝑋𝑖)𝐴𝑖𝑌𝑖 − 
𝑖=1

𝑁

𝓌0(𝑋𝑖)(1 − 𝐴𝑖)𝑌𝑖

where 𝓌1 𝑋𝑖 = 1/𝑒(𝑋𝑖) and 𝓌0 𝑋𝑖 = 1/[1 − 𝑒(𝑋𝑖)].

- Given a known propensity score, Ƹ𝜏1
𝐻𝑇 is a nonparametric unbiased estimator of ATE. 

➢ When 𝑒(𝑋𝑖) is unknown, we substitute it with the estimated propensity score to obtain:

Ƹ𝜏2
𝐻𝑇 =

1

𝑁


𝑖=1

𝑁 𝐴𝑖

Ƹ𝑒(𝑋𝑖)
𝑌𝑖 − 

𝑖=1

𝑁 1 − 𝐴𝑖

1 − Ƹ𝑒(𝑋𝑖)
𝑌𝑖

- Under standard regularity conditions, Ƹ𝜏2
𝐻𝑇 is a consistently and asymptotic normal (CAN) estimator when the model 

of the propensity score is correctly specified.
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Propensity score weighting: Hájek estimator

➢ Note that the weights in the HT estimator do not sum to one, which leads to a key issue: its lack of 

invariance.

➢ Hájek estimator (1971) with normalized weights, also known as the stabilized IPW estimator:

Ƹ𝜏𝐻 =
σ𝑖=1

𝑁 𝓌1 𝑋𝑖 𝐴𝑖𝑌𝑖

σ𝑖=1
𝑁 𝓌1 𝑋𝑖 𝐴𝑖

−
σ𝑖=1

𝑁 𝓌0 𝑋𝑖 1 − 𝐴𝑖 𝑌𝑖

σ𝑖=1
𝑁 𝓌0 𝑋𝑖 1 − 𝐴𝑖

➢ Why consider the Hájek estimator?
- Practical perspective

1. Normalizing prevents a few large weights from dominating the estimate.

2. Results are easier to interpret as weighted averages.

- Statistical perspective

The Hájek estimator trades a small amount of bias for greater stability and reduced variance in finite samples.

𝑉𝑎𝑟 Ƹ𝜏1
𝐻𝑇 > 𝑉𝑎𝑟 Ƹ𝜏𝐻
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Propensity score weighting: Different weights
(Li, Morgan, and Zaslavsky, 2018)

➢ Generalization of the HT and Hájek estimators:

σ𝑖=1
𝑁 𝒲1 𝑋𝑖 𝐴𝑖𝑌𝑖

σ𝑖=1
𝑁 𝒲1 𝑋𝑖 𝐴𝑖

−
σ𝑖=1

𝑁 𝒲0 𝑋𝑖 1 − 𝐴𝑖 𝑌𝑖

σ𝑖=1
𝑁 𝒲0 𝑋𝑖 1 − 𝐴𝑖

where 𝒲1 𝑋𝑖 = ℎ(𝑋𝑖)/𝑒(𝑋𝑖) and 𝒲0 𝑋𝑖 = ℎ(𝑋𝑖)/[1 − 𝑒(𝑋𝑖)].

➢ Specification o ℎ(𝑥) defines the target population and causal estimands and determines the weights. 

Target population ℎ(𝑥) Causal Estimand Weights 𝒲1 𝑋𝑖 , 𝒲0 𝑋𝑖

Combined 1 ATE 1/𝑒 𝑥 , 1/[1 − 𝑒(𝑥)]

Treated 𝑒(𝑥) ATT 1, 𝑒(𝑥)/[1 − 𝑒(𝑥)]

Control 1 − 𝑒(𝑥) ATC [1 − 𝑒 𝑥 ]/𝑒 𝑥 , 1

Overlap 𝑒 𝑥 [1 − 𝑒(𝑥)] ATO 1 − 𝑒 𝑥 , 𝑒(𝑥)

Matching* min{𝑒 𝑥 , 1 − 𝑒(𝑥)}
min 𝑒 𝑥 ,1−𝑒 𝑥

𝑒 𝑥
,

min 𝑒 𝑥 ,1−𝑒 𝑥

1−𝑒 𝑥
 



Causal Inference, Part 1-3.  An-Shun Tai 10

Remark 1: The overlap weights

➢ The estimand corresponds to the average treatment effect in the overlap population (ATO) — a 

substantively meaningful target group.
- Focuses estimation on units with similar propensity scores across treatment groups (i.e., 𝑒 𝑥 = 1/2) — those most 

comparable.

➢ Statistical properties 
1. Avoids extreme weights by down-weighting units with propensity scores near 0 or 1.

2. Overlap weights automatically achieve exact mean balance on all covariates included in the propensity score 

model.

✓ Assessed the effect of right heart catheterization (RHC) on 30-day 

survival using observational data from five U.S. hospitals.

✓ Patients were classified by RHC use within 24 hours (treated: 2,184; 

control: 3,551).
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Remark 2: Generalizability and Transportability
(Degtiar and Rose, 2023)  

➢ Generalizability

Can the treatment effect estimated in the study sample be extended to the same population from which the sample 

was drawn?

➢ Transportability
Can the treatment effect be applied to a different target population?
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Propensity score in regressions: As a covariate

➢ Theorem 3.1 reveals that if exchangeability holds conditioning on 𝑋, then it also holds conditional on 

e(𝑋):

𝐴 ⊥ {𝑌 1 , 𝑌(0)}|𝑒 𝑋 .

➢ Thus, the ATE is also nonparametrically identified by 

𝔼 𝔼 𝑌 𝐴 = 1, 𝑒 𝑋 − 𝔼 𝔼 𝑌 𝐴 = 0, 𝑒 𝑋

= න 𝔼 𝑌 𝐴 = 1, 𝑒 𝑋 Pr 𝑒 𝑋 = 𝑒′ 𝑑𝑒′ − න 𝔼 𝑌 𝐴 = 0, 𝑒 𝑋 Pr 𝑒 𝑋 = 𝑒′ 𝑑𝑒′

➢ This implies that in the outcome regression method discussed in Part 3.1, one can adjust for 𝑒 𝑋  

instead of the full covariate vector 𝑋.

➢ The OLS estimator (from a population view)

arg min
𝛽0,𝛽𝑎,𝛽𝑒

𝔼 𝑌 − 𝛽0 + 𝛽𝑎𝐴 + 𝛽𝑒𝑒 𝑋
2
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Propensity score in regressions: As a covariate (cont.)

➢ When the propensity score model is correctly specified and the outcome is linear in 𝐴 and 𝑒(𝑋) 

(implying a homogenous ATE), the OLS estimator of 𝛽𝑒 is consistent for ATE.

➢ In general, 𝛽𝑒 corresponds to the average treatment effect for the overlap population (ATO), defined as

𝔼 ℎ𝑜 𝑋 𝔼 𝑌 0 − 𝑌 1 |𝑋

𝔼 ℎ𝑜 𝑋

where ℎ𝑜 𝑋 = 𝑒 𝑋 1 − 𝑒 𝑋 .
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Propensity score in regressions: Weighted least squares 

➢ Weighting constructs a pseudo-population that mimics a randomized experiment. What are the 

implications of applying regression to this pseudo-randomized setting?

➢ The weighted least squares of 𝑌 on (1, 𝐴) yields the Hájek estimator Ƹ𝜏𝐻.  

Proposition 3.1 

The Hájek estimator Ƹ𝜏𝐻 equals መ𝛽 from the following WLS

( መ𝛽0, መ𝛽) = arg min
𝛽0,𝛽

 𝑤𝑖 𝑌𝑖 − 𝛽0 + 𝛽𝐴𝑖
2

with weights

𝑤𝑖 =
𝐴𝑖

Ƹ𝑒(𝑋𝑖)
+

1 − 𝐴𝑖

1 − Ƹ𝑒(𝑋𝑖)
.

- Proposition 3.1 establishes an analogue of a key property of regression in the context of a CRE: even without covariate 

adjustment, a simple linear regression yields an unbiased estimator, regardless of the true outcome model specification.   
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Propensity score in regressions: Weighted least squares 

(cont.) 
➢ In a CRE, it has been noted that including covariates and their full interactions with 𝐴 can improve 

efficiency.

➢ What happens when we include covariates and their full interactions with treatment in WLS?

⇒ This WLS estimator has the desirable property of double robustness, meaning it remains consistent if either the 

outcome model or the propensity score model is correctly specified (but not necessarily both). More details coming 

up next.

➢ Simulation from Kang and Schafer (2007)
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Estimate the propensity score
Step 1. Model Treatment Assignment: 
- For binary treatments, use logistic regression:  𝑙𝑜𝑔𝑖𝑡 Pr 𝐴 = 1 𝑋 = 𝛽𝑋

Step 2. Estimate Propensity Scores: 

- Fit the model (e.g., with stepwise covariate selection):  

Ƹ𝑒(𝑋) =
𝑒

𝛽𝑋

1 + 𝑒𝛽𝑋

Step 3. Check Overlap  

- Examine score distributions across treatment groups.  

- If there's substantial non-overlap, consider discarding extreme observations.

Step 4. Assess Covariate Balance
- Use matching, weighting, or stratification based on.

- Choice depends on the method applied in Step 2.

Step 5. Refine Model if Needed
- If covariates remain unbalanced, re-fit the model using Higher-order terms, Splines, or Covariate-treatment interactions  

- Repeat steps 2–3 until balance is achieved.
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